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1. Introduction 
In sampling theory applied to finite population is sometimes necessary to introduce some techniques that are usually used in epidemiological observational studies. The reason for introducing these techniques in sampling theory is that, rather than estimating the parameters of the population of reference, you may be interested in measuring the association between a variable object of attention and other variables which may be construed as a possible cause of the former.
One of the techniques used in epidemiological studies is the so-called control sample.
For example, suppose that the sample to be analyzed is made up of units on which a certain characteristic, which is the variable of interest, is manifests and is the observed effect, for example former registered students in a University who left school as they had not enrolled in the second year. We are interested in identifying the causes of abandonment. If you work only on the sample of those who have left school, it may happen that a high percentage of these considers the higher education very difficult, so the difficulty may be considered a cause of abandonment. If next to the sample of subjects who left, one looks a control sample in which students have continued their studies, it may happen that in this second sample a similar proportion of students who consider very difficult the university path is included. If this happens the difficulty of the trail can not be considered a cause of abandonment.
Still with reference to the example, it is possible to identify other causes that may affect the abandonment, such as work, school of origin, the error in the choice of degree course and so on.
On the other hand, there are other variables, known as nuisance variables in this context that could affect the possible association between the effect and its possible cause. The same therefore are kept on working to divide the population into groups of reference, examples of these variables in this case may be gender and age. 
Then set the focus on cause variables, measure their association with the effect variables by comparing the sample on which the effect takes place, hereinafter referred to as the "effect" sample, with the "control" sample over which this variable doesn’t occurs.
The idea is to identify measures of association in the population (§ 2), to provide a sampling plan to identify the effect and control sample (§ 3) and to propose appropriate estimates of these measures (§ 4).
The work concludes (§ 5) with a simulation (Monte Carlo method) to verify the properties of the proposed estimators.

2. Measures of Association 
Fixed that the effect variable  will be considered dichotomous, let indicate with U the reference population, with E and C its two subsets, the first formed by N units on which the effect variable ( is present and the second formed by M units where ( is not present (
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The odds ratio (OR) is the usual measure of overall association in U, which takes the form:
OR = [P(
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with OR>0 and where, for reasons of simplicity, ( is the presence of the cause and 
[image: image6.wmf]g

 is the absence of the cause.
As is known the OR has the advantage of symmetry in the sense that its value remains unchanged whether the cause is identified to analyze the impact this can have 
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, both noted that the effect is to analyze the cause that has brought 
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, as in this case where what we can only estimate is the probability P (
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Symmetry allows to propose equation (1) in the form:
OR = [P (
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and using the relative frequency:
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where N' and M' are the units of U in which are present ( and ( and respectively ( and 
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But the most interesting case occurs in the presence of noise variables, independent of (, indicated generically with 
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Through the use of 
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 the N units of E and the M in units of C are divided H groups.
The Nh units of E are the hth effect group and the Mh units of C are the corresponding hth control group. The Nh units are similar to each other than to 
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 and also happens to the Mh units in the control group in turn are similar to units of the effect group.
For example, U is the population of the registered students in a certain academic year, E is the subset consisting of the registered students in the second year that have not renewed the registration at the University (former registered) and C is the subset of those that in the second year have regularly renewed the registration (enrolled), it follows that the variable ( is the abandonment from the University. 
If you choose 
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such as age and gender, an effect group can be made up of all former registered 18-19 years old of feminine gender and the corresponding control group by all registered of 18-19 years old of feminine gender. 
Fixed the OR coming from equation (3) calculated in each groups, that is:
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where 
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 are the units of hth group in which are presents ( and ( and respectively ( and 
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, it is to identify a measure of association in the population that takes account of what happens in the H groups with the H ORh measures.
This measure can not be configured at the population level in equation (3) because it does not take into account the behavior of ORh; in effect it may happens that the OR incur in Simpson's paradox, which may lead to some anomalies:
1. the ORh all have the same direction, for example, more than 1 and OR an opposite one, for example, less than 1;
2. there may be different subdivisions in groups in which being fixed (Nh+Mh), (N+M) and ORh, OR varies according to the considered subdivision;
3. the OR is equal to 1 indicating lack of association between cause and effect, while in the ORh groups may be different from 1 indicating, at least in the presence of noise variable, association;
4. the ORh are all equal to 1 indicating lack of association between cause and effect in each of the H groups, while the OR may be different from 1 indicating association between cause and effect;
5. the ORh are the same, but different from 1, indicating the same influence on the association between cause and effect, while OR is greater, which means that the noise variable has bevelled association, or less, which means that the noise variable has expanded the association.
As an overall measure seems more rational to consider a linear combination of the H ORh, that is:
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and a proposal for the coefficients 
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 is to put them proportional to the sizes of the groups, so that equation (5) may be written as:
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Is immediate to check that, with the exception of point 3. that applies also to ORT, the latter does not incur in the anomalies due to Simpson's paradox. In particular, if:
OR1=…=ORH =
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it can be concluded that the noise variable has no influence on association between cause and effect and if a=1 it can be concluded that there is no association between cause and effect even in the presence of noise variable.
The epidemiological literature suggests an association measure of the population only in a very particular case that is when occur equalities (7); the measurement, of course ideally, would be the common value a. 
In this context, however, it is considered that a measure of overall association always exists, just as there are always the OR and the H ORh. Therefore it seems reasonable to propose equation (6) as a measure of overall association between ( and ( that does not eliminate the influence of the noise variable but will average the effect.

The hypothesis that wants the association only if ideal may have some consequence in presence of several noise variables. If the division into groups is done for each of the variables may be that for each of them, the odds ratio are equal to each other but different to changing variables. In this case, according to equation (7), it turns out a1, a2,…, ak and it is not clear what value summarize the global intensity.

If the subdivision is done taking into account all the variables, if it appears that equation (7) is true and a is considered the measure of association, it can rise the doubt that the equality is due to the joint action of the noise variables. This in the sense that the action of a variable could cancel the effect of another on the association between ( and (.
The equation (6) seems to overcome the first drawback, because if the change of the variables vary equation (6) you can identify which noise variables have more influence on association between ( and (, for example by comparing the values obtained with different ORT. The second inconvenient mentioned with equation (6) no longer seems to be right to exist as the combined effects are mediated in a single value.
3. The control and the effect sample
With regard to the noise variables, the sampling plan is divided into two phases as initially is planned to extract from each of the H effect groups a random sample 
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 called the "hth effect sample” (h = 1, ..., H ). The set of effect samples should ensure a total sample e=
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 that is representative of the subpopulation E in respect of (.
Once formed e, the second phase of the plan expects to extract from each of the H control groups a random sample 
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 of size 
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 called the "hth control sample " which must be independent from 
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The epidemiological literature suggests to put mh=knh, but in so doing may happen that in some control groups of the sample size is excessive or too low compared with the real dimension of the group. Also in epidemiology, samples ch can be constructed to associate with each case one or more control unit with its own characteristics, losing their independence from the first and sometimes the randomness.
So even for c=
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 in this context is preferred its representation compared to the subpopulation C with respect to 
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4. The estimate 
Made the two samples, on proposes as an estimate of equation (5) the following:
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where:
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is the estimate of equation (4) with 
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 the number of units in the effect sample and in the control sample on which are present ( and ( and respectively ( and 
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Using a first order approximation it is possible to quantify the bias of equation (9), that is:
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and always with the use of a second order approximation of its mean square error appears:
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(Singh P., Aggarwal A.R., 1991). From equation (10) on obtain:
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while using equation (12) is obtained:
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As stated in the particular case in which equation (7) is valid an estimate of 
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) is the well-known proposal of Mantel-Haenszel, which takes the form:
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which is considered to work very well (Jewell NP, 2004).
5. Simulation study and final remarks
In order to verify the ownership of the proposed estimators, simulations according to the Monte Carlo method (5000 replicates) have been performed.
The simulation was conducted under two different assumptions: with constant and non costant ORh in the population strata for h = 1, 2, 3, 4, 5. 
The simulations are performed for the following values of ORh=0.2, 0.5, 1, 5, 10 for the former and 0.1, 0.3, 0.5, 0.7, 0.9 and 1, 4, 7, 10, 13 in the second case.
In order to check the sensitivity of the estimators, different sampling plans are considered. In particular, the sample dimension in the different strata of the population is chosen in order to satisfy the following relationships: 
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 for k = 1, 2, 3.
This has made possible to check the properties of the estimators for small and large sample size corresponding to different sampling fractions, respectively: 5% 8% 10% 15% 20; 30%, 40%.
The analysis of the results reveals that the ORT estimator presents a good performance both in terms of variance and mean square error when the ORh across strata are constant and take values smaller and less unity. It should be noted also that the estimator of Mantel-Haenszel under these conditions is always better. This difference becomes more pronounced as the value of ORh tends to grow over the unit quite significant.
On the contrary when the ORh are different across strata, the behavior of the ORT estimator is better comparatively to the Mantel-Haenszel estimator. It is possible to see that the bias, in absolute value, of the ORT estimator is always lower than those of the Mantel-Haenszel. Finally it should be noted as the ORT estimator is more sensitive to the sample size increase resulting in a significant gain in terms of mean square error, the opposite of the estimator of Mantel-Haenszel which is much less sensitive to sample size showing a much more stable trend. In both cases studied, ORh constant or not constant across the strata, it is observed the same trend in simulation results for different values of k (i.e. k=1 and sampling fraction 10% versus k=3 and sampling fraction 10%). The main simulation results are summarized in the following tables. 
Table 1. ORh constant across strata
	Costant ORh
	k
	Sampling fraction
	ORT mean
	ORT variance
	ORT bias
	ORT mse
	
	ORMH mean
	ORMH variance
	ORMH bias
	ORMH mse

	0.2
	1
	5%
	0.241
	0.005
	0.041
	0.006
	
	0.205
	0.003
	0.005
	0.003

	
	1
	10%
	0.222
	0.002
	0.022
	0.002
	
	0.204
	0.002
	0.004
	0.002

	
	1
	20%
	0.210
	0.001
	0.010
	0.001
	
	0.201
	0.001
	0.001
	0.001

	
	3
	40%
	0.206
	0.001
	0.006
	0.001
	
	0.201
	0.000
	0.001
	0.001

	
	
	
	
	
	
	
	
	
	
	
	

	0.5
	1
	5%
	0.607
	0.036
	0.107
	0.047
	
	0.514
	0.022
	0.014
	0.022

	
	1
	10%
	0.553
	0.013
	0.053
	0.016
	
	0.510
	0.010
	0.010
	0.010

	
	1
	20%
	0.525
	0.006
	0.025
	0.006
	
	0.504
	0.005
	0.004
	0.005

	
	3
	40%
	0.517
	0.003
	0.017
	0.004
	
	0.504
	0.003
	0.004
	0.003

	
	
	
	
	
	
	
	
	
	
	
	

	1
	1
	5%
	1.208
	0.148
	0.208
	0.191
	
	1.037
	0.085
	0.037
	0.087

	
	1
	10%
	1.103
	0.052
	0.103
	0.063
	
	1.022
	0.040
	0.022
	0.040

	
	1
	20%
	1.048
	0.021
	0.048
	0.023
	
	1.009
	0.018
	0.009
	0.018

	
	3
	40%
	1.034
	0.014
	0.034
	0.016
	
	1.008
	0.013
	0.008
	0.013

	
	
	
	
	
	
	
	
	
	
	
	

	5
	1
	5%
	6.240
	6.373
	1.240
	7.911
	
	5.278
	2.399
	0.278
	2.476

	
	1
	10%
	5.506
	1.409
	0.506
	1.665
	
	5.136
	1.053
	0.136
	1.071

	
	1
	20%
	5.249
	0.599
	0.249
	0.661
	
	5.064
	0.523
	0.064
	0.527

	
	3
	40%
	5.163
	0.345
	0.163
	0.371
	
	5.051
	0.320
	0.051
	0.322

	
	
	
	
	
	
	
	
	
	
	
	

	10
	1
	5%
	13.300
	43.150
	3.300
	54.038
	
	10.827
	13.307
	0.827
	13.991

	
	1
	10%
	11.512
	9.829
	1.512
	12.114
	
	10.486
	5.702
	0.486
	5.939

	
	1
	20%
	10.543
	2.882
	0.543
	3.176
	
	10.128
	2.385
	0.128
	2.401

	
	3
	40%
	10.411
	2.044
	0.411
	2.213
	
	10.101
	1.728
	0.101
	1.739


Table 2. Different ORh across strata: 0.1, 0.3, 0.5, 0.7, 0.9
	ORT
	k
	Sampling fraction
	ORT mean
	ORT variance
	ORT bias
	ORT mse
	
	ORMH mean
	ORMH variance
	ORMH bias
	ORMH mse

	0.513
	1
	5%
	0.608
	0.038
	0.095
	0.047
	
	0.446
	0.014
	-0.067
	0.018

	
	1
	10%
	0.558
	0.015
	0.045
	0.017
	
	0.440
	0.006
	-0.073
	0.012

	
	1
	20%
	0.536
	0.007
	0.023
	0.007
	
	0.438
	0.003
	-0.075
	0.009

	
	3
	40%
	0.527
	0.004
	0.014
	0.004
	
	0.437
	0.002
	-0.076
	0.008


Table 3. Different ORh across strata: 1, 4, 7, 10, 13

	ORT
	k
	Sampling fraction
	ORT mean
	ORT variance
	ORT bias
	ORT mse
	
	ORMH mean
	ORMH variance
	ORMH bias
	ORMH mse

	6.861
	1
	5%
	9.049
	25.421
	2.188
	30.210
	
	4.476
	1.644
	-2.385
	7.331

	
	1
	10%
	8.182
	12.890
	1.322
	14.637
	
	4.323
	0.731
	-2.537
	7.169

	
	1
	20%
	7.480
	5.707
	0.619
	6.090
	
	4.281
	0.349
	-2.580
	7.004

	
	3
	40%
	7.417
	4.650
	0.556
	4.959
	
	4.267
	0.221
	-2.593
	6.947
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